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Abstract This paper is concerned with a kind of quasilinear Schrodinger equation with
combined nonlinearities, a convex term with any growth and a singular term, in a bounded
smooth domain. Multiplicity results are obtained by critical point theory together with trun-
cation arguments and the method of upper and lower solutions.
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1 Introduction and Main Results

Consider the following quasilinear Schrodinger equation

(1.1)

—Apu — sE5uN, W) = f(x,u) ing2,
u=0 on 052,
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where £2 is a domain in RY (N > 3). Quasilinear equations of form (1.1), referred as so-
called Modified Nonlinear Schrédinger Equation due to the quasilinear and non-convex term
ul ,u?, and have been derived as model of several physical phenomena (see [4-7, 19, 20,
29)).

Problems of type (1.1) were studied primarily in the context of p = 2 and subcritical
case. In this connection, we refer the readers to [9, 14, 22, 24, 26, 27, 33, 41]. One may note
that one of the main difficulties of the quasilinear problem (1.1) is that there is no suitable
space on which the energy functional is well defined and belongs to C! class. To over-
come this difficulty, several ideas and techniques were developed, including the constrained
minimization argument [14, 24, 33], the Nehari manifold [27], the method of a change of
variables [9, 26] and the perturbation method [22]. For critical case, extra difficulties arise
since the lack of compactness of the Sobolev embedding. As pointed by Liu et al. in [26], the
critical case for (1.1) is very interesting. Concerning this case, Moameni in [31] considers
the related singularly perturbed problem and obtains a positive radial solution in the radially
symmetric case. Later on, an existence result of positive solutions was given by Jodo Mar-
cos et al. in [12] via Mountain-Pass Theorem and P.L. Lions’ Concentration-Compactness
Principle. Recently, Liu et al. consider the existence of positive solutions for a quasilinear
elliptic equation like (1.1) in [23] by perturbation method. Deng et al. [13] and Liu et al.
[25] deal with a general type of elliptic equation like (1.1) and obtain a positive solution by
variational argument and P.L. Lions’ Concentration-Compactness Principle. However, there
seems to be little progress on the existence of positive solution for (1.1) with critical growth.
Up to now, to the authors’ best knowledge, there is no one considering problem (1.1) with
supercritical nonlinearities.

Recently, there appeared some works dealing with (1.1) when p # 2. For example, Liu
[21] and Liu and Zhao [28] consider problem (1.1) in a bounded smooth domain, to our
best knowledge, this is the only results established for the p-Laplacian case in a bounded
domain.

Motivated by above results, in this paper, we consider the p-Laplacian case in a bounded
smooth domain, but this time, different from above works, our perturbations involving a
singular term, i.e. we consider the following quasilinear Schrodinger equation

—A,,u—N%uA,,(uz)zkuﬂ—i-a(x)u‘V in £2,
u>0 in £2, (P)
u=0 on 452,

where 2 C RV(N > 3) is a bounded smooth domain, A,u = div(|Vu|"2Vu) is the
p-Laplacian with 1 < p < 0o, A > 0 is a parameter, y and f are positive constants. a(x) > 0
is a nontrivial measurable function. To emphasize the dependence on A or 8, problem (P)
is often referred to as (P;) or (P, g) , and the subscript A or 8 is omitted if no confusion
arises.

As mentioned before, a major difficulty associated with (P) is the following: one may
seek to obtain solutions by looking for critical points of the associated “natural” functional:
J(u): Wol’p(.Q) — R given by

J(u) :=%A(1+plu|P)|vM|de— #/;Zg(u)ﬂ“dx— ﬁfga(x)g(u)“y.

However, this functional is not well-defined for all u € WO1 " (£2), hence it is difficult to apply
variational methods directly. To overcome this difficulty, we use the method of changing
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variables developed in [9, 26] for p = 2, [21, 28] for p-Laplacian case (i.e. 1 < p < 00),
and make a new different definition of weak solutions. That is

vi=g"'w),

where g is defined by

1
L Vie[0 +o0),
A1 plgmmyr T E10FeO) (12)

g(t)=—g(—t), Vte(—o0,0].

gn=

We now make use of a change of unknown v = g~ (1) (note that g is smooth and invertible,
see Lemma 2.1 for more information about g), and define an associated equation

—Apu=[rg(W)f +a(x)g(v)"]g'(v) in L2,
v>0 in £2, (Pn)
v=0 on 0f2.

It is easy to see that problem (Py) is equivalent to our problem (P), which takes u = g(v) as
its solutions. More precisely, we say u is a weak solution of (P), if v=g~'(u) € Wol”'(.Q)
is a positive weak solution of problem (Py), i.e.

f |Vu|P?VuVedx =21 f )¢ (w)pdx + / a(x)g(v) 7 g (v)pdx
2 2 2

for every ¢ € W, 7 (£2).
Let p* := N—_”p (respectively +o00) if p < N (respectively p > N). We introduce the
following assumption on the function a(x).

(H) There are ¢y > 0in C}(£2) and ¢ > N such that a(x)g,” € LI(£2).
0 0

Now we can state our main results as follows

Theorem 1.1 Suppose (H) holds, let 1 < p < % < p*andy > 0. Then there exists L, > 0

such that for all A € (0, \,), problem (P) has two solutions.

Theorem 1.2 Suppose (H) holds, let % > p* and y > 0. Then there exists \* > 0 such
that for all A € (0, \*), problem (P) has two solutions.

Remark 1.3 Note that we do not require that y < 1, a restriction that appears often in the
literature (see, e.g., Sun et al. [34], Wang et al. [35], Zhang [40]).

Remark 1.4 Note that 8+ 1 = 2p* behaves like a critical exponent for (Py) (see Lemma 2.1,
property (8) in next section). Compared with the works mentioned before, in the case of
B+1=2p*or B+ 1>2p* problem (Py) becomes more complicated since the effects of
the singular term and the nonlinearity g and the loss of compactness of Sobolev embedding.

Recently, there appeared some works dealing with singular equations driven by

p-Laplacian, we mention the works of Agarwal et al. [1], Zhao et al. [39], Perera and
Zhang [32], Gasinski and Papageorgiou [17], Giacomoni et al. [18]. In those mentioned
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works, the authors deal with subcritical nonlinearities. In the case of critical or supercritical
exponent (8 + 1 > 2p*), which will be studied in Sect. 3, problem (Py) becomes more

delicate because the Sobolev embedding Wol’p (£2) C L# (£2) is not compact. To our best
knowledge, there is no one considering p-Laplacian with both such singularities and critical
or supercritical nonlinearities. In this paper, We will deal with critical case and supercritical
case in a unified approach by using truncation techniques and Moser iteration technique,
which are different from the methods used in [12, 13, 31]. For Laplacian equation with a
singular term and critical nonlinearities, we refer the reader to [35, 38]. In [35], the existence
of positive solutions have been proved by Nehari manifold and P.L.. Lions’ Concentration-
Compactness Principle, while in [38], the multiplicity results have been obtained by Ekeland
variational principle and careful analysis the minimax level for which the compactness can
be established.

This paper is organized as follows. In Sect. 2, we consider the subcritical case (i.e. § +
1 < 2p*) and give the proof of Theorem 1.1; In Sect. 3, we deal with our problem in critical
case and supercritical case (i.e. B + 1 > 2p*) in a unified approach and give the proof of
Theorem 1.2.

Throughout this paper, we make use of the following notation. L7 (£2),1 < p < oo, de-

notes Lebesgue space; the norm in L?(§2) is denoted by || - ||,; the norm in Wol'p(.Q) is
denoted by | - ||; C, Co, Cy, C,, ... denote (possibly different) positive constants; X* de-
notes the dual space of Banach space X, (Wol"’(.Q))* is W‘l*p/(.Q), where % + # =1;
A1 denotes the first eigenvalue of —A, with zero Dirichlet condition on £2, 71 > 0 is the
eigenfunction corresponding to Ay with |[v], = 1.

2 Subcritical Case: 8 + 1 < 2p*

As we have mentioned in previous section, B + 1 = 2p* behaves like a critical exponent
for problem (Py), this can be seen from properties (8) in Lemma 2.1 below. In this section,
we consider the subcritical case 8 + 1 < 2p*. We point out that since (Py) is equivalent to
problem (P), so, we only consider problem (Py) in this and the following sections.

Next, let us summarize some properties of the function g defined by (1.2). For its proof,
we refer to [21, 28].

Lemma 2.1 The function g defined by (1.2) satisfies the following conditions:

(1) g(0)=0;
(2) g is uniquely defined, C* and invertible;
B) 0<g'(t)<1forallt eR;
@) 1g() <tg'(t) <gt) forallt > 0;
(5) g®)/t /'1,ast — 0+;
6) |g()| <|t|forallt eR,
(7) )/t 7 Ko:=~2p~"/®P ast — +oo;
®) lg®| < Kolt|'? forall t e R;
9) (1) —g()g' (1)t > 0 forall 1 € R;
(10) There exists a positive constant C such that |g(t)| > C|t| for |t| <1 and |g(t)| >
Clt|' for || > 1;
(1) |g()g' ()| < K2 forall t € R;
(12) g"(t) <O whent >0 and g"(t) > 0 when t < 0.
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Lemma 2.2 [8, Proposition 17.3] Let 1 < p < +o00. There exist two positive constants c,,
and C, such that for every &, n € RV

cpNy (&, m) < (161772 — 1P "*n) - (€ — ) < C,N, (&, ),

a dot denotes here the Euclidean scalar product in RN, and Ny(&,n):={l&l+ In|}P—21& —
nl>.

Lemma 2.3 [32, Proposition 2.1] Suppose h € L4(82) for some q > N. Then the Dirichlet
problem

—A,u=h(x) in$2,
u=0 on 082,

has a unique solution u € Cé (82). Moreover if h > 0 is nontrivial, then

0
u>0 inS$2, _u>0 on 052,
av

where v is the interior unit normal on 052.

Let A: WO1 P(R) — WO1 "?(£2)" be the nonlinear map defined by

(A(u),y):/ |Vul"2VuVydx forallu,y e W, (£2). @.1)
2

Lemma 2.4 [16] The map A : Wol'p(.Q) — Wol’p(.Q)* defined by (2.1) is type of (Sy), that
is, ifu, ~uin Wol’p(.Q) and limsup,,_, . (A(u,), u, —u) <0, then u, — u in Wol’p(.Q).

Since we will use upper-lower solution method to produce the first solution, so, we recall
the definitions of lower solution and upper solution of problem ( Py).

Definition 2.5 We say v € WO1 "7(£2) is a weak lower solution (weak upper solution) of the
boundary value problem (Py) if

/ VolP 2 VoVeds < (2)2 f ¢ g (Wgdx + f a(0)g ()7 g (W)pdx
2 2 2
and

u<(>)0 onadf2

for every ¢ € W, " (£2) with ¢ > 0.

Next, we generate lower and upper solutions for problem ( Py ). First, we produce a lower
solution.

n problem (Py) admits a positive lower solu-

) _;LL.-#)H Zy I—* I &) springer
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Proof Consider the following Dirichlet problem:

(2.2)

—A,v=a(x)g'(v) in£2,
v=0 on d52.

Since hypothesis (H) implies that a(x) € L9(§2),q > N, note that 0 < g’(v) < 1, by
Lemma 2.3, problem (2.2) has a positive solution w € C& (£2),andw > 0in 2.Fix0<r <1
so small that v(x) = rw(x) € [0, 1), Vx € £2. Then using (2.2) and the fact that a(x) > 0,
v(x) € (0, 1) for all x € §2, we have

—App=1""la(x)g (v
<a(x)g'(
<a(x)g' v
<ax)g' g™
<2’ g +a)g g 7.
So v € CL(£2) is a lower solution for problem (Py). O

Next, we produce an upper solution for (Py).

Lemma 2.7 [f hypothesis (H) holds, then there exists Ao > 0 such that , for all 1 € (0, Ao),
problem (Py) has an upper solution v € C& (§2). Moreover,v > v in 2.

Proof Consider the problem

(2.3)

—Apv=a(x)g'@eg®) 7 +1 ing2,
v=0 on ds2.

Hypothesis (H) implies a(x)g'(v)g(v)™" € L1(82),q > N, by Lemma 2.3, problem (2.3)
has a solution v € C}(£2),

—Ap=a(x)g' e +1
>a(x)g' g™
> —Apv.
So, v > v. It follows that
—A,T—a(x)g @@ —rg@® ' @) = —A,T —a(x)g e —rg[® ¢ @)
=1-18@°¢' @
>1— AP,
Y < e ", g (W) < g'(v), since g is increasing and g’ is non-

o > 0 such that 1 — AT? > 0 for all A < Ao.
0, Ao). O
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Using v, v obtained by Lemma 2.6 and Lemma 2.7, truncation techniques and direct
variational methods, we will prove the following existence result.

Lemma 2.8 Suppose (H) holds, let 0 < B < 400, y > 0, then for all X € (0, 1y), problem
(Py) has a solution

vo € Cy(R2) withv<vy <V in£2.

Proof Let

(g’ +ax)g)7]1g'w, ¢ <
[, ) =108 +a(x)g(0)71g'(©), v=<(<T, (2.4)
[g@®F +a(x)g(® g’ (@), ¢>7.

Evidently f(x, ¢) is a Carathéodory function. We set
¢
Feo= [ s
0
and consider the C'-functional / : WO1 ?(£2) — R, defined by
A 1
() = —f |Vu|Pdx —f F(x,v)dx, Yo e W7 ().
PJe Q

From (2.4), it is clear that / is coercive. Moreover, exploiting the compactness of the em-
bedding WO1 P(2) = LP(£2), we can easily verify that [ is sequentially weakly lower semi-
continuous. Hence by the Weierstrass theorem, we can find v, € WO1 "7(£2), such that

(o) =inflI(v):ve W, "(2)}. (2.5)
So, we have
I'(v9) =0
ie.
/;2 |VU0|‘U_2VUOV(pdx = /9 f(x,vo)edx, Vee Wol’p(.Q). (2.6)

Taking ¢ = (v — V)" € Wol’p(.Q) as test function in (2.6), using (2.4) and Lemma 2.7, we
obtain

f |VuolP 2 VvV (vg — 1) Tdx Z/ Fx,v0) (o — ) Tdx
2 2
- / Fx, v0) (v — D)dx
{vo>v}
rg@ +a(x)g(®) 7] (V) (vo — V)dx
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< /Q [te @) +a(x)g@® " ]¢' @) (v — )" dx
< /9 IVT|P2VTV (v — D) Fdx,
where {vy > v} denotes the set defined by {vy > v} = {x € £2 | vo(x) > V(x)}. This means
/Q{WuOV-ZVUO — |VUP7?Vu} - V(v — 0)Tdx <0.
From Lemma 2.2 it follows that for some constant ¢, > 0,
o (9wl )9 - DPar <0
vo>T

It follows that
Vw—v)T=0 in$,
and by the Poincaré inequality that (vg — V)" =01in £2, i.e.
vo <. (2.7)

In a similar fashion, acting on (2.6) with ¢ = (v — v9)™ € WO1 "P(£2) and using this time
Lemma 2.6, we obtain

v < . 2.8)

From (2.7) and (2.8), we obtain
V=1 <.
Lemma 2.3 yields vy € C}(£2). Using similar arguments as in [2, 32], we have if
lv—voller = ¢
with & small, then v < v <7v. Moreover I (v) — T (v) is constant for v < v <, and therefore

vp is also a local minimum of 7 (v) in the C'-topology. Now, we invoke [15, Theorem 1.1]
to claim that vy is also a local minimum of / (v) in the WO1 "P(£2) topology. Thus

—A,pvo = [1g ()P +a(x)g(vo)"1g (vo) in £2,
vo >0 in £2,

vy =0 on 452

and it is a solution of (Py). This completes the proof. O
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Proof of Theorem 1.1 Let v, be the first solution produced by Lemma 2.8, then using v,, we

introduce the following Carathéodory function:

[Ag(v0)? + a(x)g(v) 1 (vo), ¢ <o,

gO(-x7 {) = [
[1g(@) +a(x)g@)71g'©), & >w,

and consider the problem

—A,v=_go(x,v) in£2,
vo=0 on d52.

(2.9)

(2.10)

Every solution of problem (2.10) is bigger than vy and hence also a solution of (Py). Note
that solutions of (2.10) are the critical points of the C' functional I : WO1 P(£2) - R, defined

by
1
Io(v)=—/ |Vv|pdx—/ Go(x,v)dx,
pPJe Q

where Go(x, £) = [; go(x,s)ds.

Claim 1. I, satisfies the C-condition.
Let {v,} C WO1 "P(£2) be a sequence such that

[1o(vy)] < Cy
for some constant C; > 0 and
(1+ v DI = 0 in W7'(2).
This is equivalent to

_enllhll

Vv, |P 2V, Vhdx — fg (x, v,,)hdx‘ <
‘/ 0 T+ oall”

with &, — 0. Choosing h = v, € WO1 "P(£2) in the above inequality, we have
f go(x, vn)vndx _/ |vvnlpdx < é&n.
2 2
On the other hand, from (2.11), we have
- [ pGotromar+ [ (urar=c,
2 2
for some constant C, > 0. Adding (2.13) and (2.14), we obtain

/ (80(x, v)v, — pGo(x,v,))dx < Cs
Q

for some constant Cz > 0. Denote

— pGo(x, v,))dx

, Yhe WP (£2),

(2.11)

(2.12)

(2.13)

(2.14)

2.15)
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Hence, by (2.9), (2.15) and %g(t) < g'(®)t < g(t) for all r > 0 (see Lemma 2.1), we have

= / (300 v)va — PGox. v))dx + 1T
{vp<vp}

>(1-p) ( }(Ag(vo)ﬂ +a(x)g(vo)~")g (vo)vadx + IT
v <vg

>1-p) ( }(Ag(vg)ﬂ +a(x)g(vo)")g (vo)vodx + IT
vy <vg

>(1-=p) (rgwo)"? +a(x)g(vy)' 7)dx + I1.
{vn <vo}

Since p > 1, we have

Coz [ (et v, — pGatx,u))x, 2.16)
{vn>vo}
for some constant C4 > 0. It is easy to see that, if y # 1,

= (20(x, va)vy — pGo(x, v,))dx

{vn=vo}

[ (rg)? +a(x)gW) ") g Wn)v — p(Ag(w0)? +a(x)g (o)) g (vo)vo

(Un>UO}

()P — g(vg)'*F) —

_1+ﬁ

1f ya(x)(g(vn)l—y —g(Uo)l_y)}dx 2.17)

ify=1,
n =/ (80(x, va)va — pGo(x, v,))dx
{vn=vo}

=/ } (rgn)? +a(x)gW) )8 Wn)va — p(Ag(w0)? + a(x)g(vo) ™) g (vo)vo

A
- ﬁ(g(vn)“" — (o)) — pa(x)(Ing(v,) — lng(vo))]dx- (2.18)

Next, we demonstrate that ||v,|| < C for some positive constant C which is independent
of n. Actually, may assume v, > 1, for otherwise we are done by (2.14). If y > 1, noting
that 5 1 > W and 2g(t) <g'(t)r < g(r) forall t > 0 (see Lemma 2.1), by (2.16) and (2.17),

we obtaln
1 p
Cs zf ( >Ag(vn)1+'3dx
{vn>vo} 2 1+8
p

[ G
— ——— |Av,? dx
{n=>v0) I+ !

for some constant Cs > 0. Then

%

N —
=

<GCs (2.19)
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for some positive constant Cg. If 0 < y < 1, we can use Holder inequality and Lemma 2.1
to obtain

1—

1=y
a(n) g dx < C; / Ay dx

{vn=vo}

_pr
L=y Jvzu)

1—1_ 1=y 5] +8
< Crl2|"" T T jal, f o dr
{vn>vo}

g\ THF
<Cg </ U2 dx) (2.20)
{vn=vo}

for some positive constants C; and Cs. Thus, it follows from (2.16), (2.17) and (2.20) that

—_

I »p P -
Gy Z/ (— - —>)»g(vn)l+ﬂdx - —/ a(x)g(v,)' 7 dx
{vn>vo} {vn>vo}

2 148 1—y
1-y
48 4 5
ch()/ vnzdx_CtZ(/ vn2 dx)
{vn=vo} {vn=vo}
for some positive constant Cy and Cjg. Noting that 0 < L‘L—; < 1, we have

48
/ v, 2 dx < Cyy,
{vn=vp}

and hence we obtain
148
/ v, 2 dx <Cpp 2.21)
2

for some positive constants Cy; and Cy,. If y =1, by (2.16) and (2.18), we have

1__»p ) 148 /
Cio 2 Ag(vy) "hdx — Ing(v,) —1 dx, (2.22
v /(”nZUO} (2 I+ gun) P {vn=vo} a(x)[ ngn) Hg(vo)] ( )

for some constant Cy3 > 0. From Lemma 2.1, we know % < % < % for t > 0, combing

this fact with mean value theorem, there exists § € (0, 1) such that

_ 8 +d8w—vo)
Ing(v,) —Ing(vo) = T To——— (s — o)

v, — Vg 1
S———=4
vo+d8(v, —vg) ~ 6

and (2.22) yields

/ v, 2 dx <Cyy (2.23)
2

(2.24)
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for some positive constant Cjs. Returning to (2.14) and using (2.9) and the fact that
g ()g(t) < g(t), Vi >0, we have

/Ianl”dx5C2+/ pGo(x, v,)dx
2 2
=Cz+/ pGo(x,vn)derf pGo(x,v,)dx
{vn <vo} {vp=>vo}

<Cio+p f Go(x. uy)dr. (2.25)
{Un>vo}

Using (2.24) and (2.25) (Similarly as before, we distinguish three cases: y > 1,0 <y <1
and y = 1, the details are omitted), we have

+8

[ 190, dx<c18+/v Par<c

for some constant C > 0. Therefore, we may assume that
v, —~v LP(£2),
v W)
In (2.12), we choose h = v, — v € W,"”(£2), then

Enllvn — vl

|Vv,|P 2 Vv,V (v, — v)dx —/ go(x, v,) (v, — v)dx| < .
7 2 L+ flvall

So [, Vv, P72V v,V (v, — v)dx — 0, using Lemma 2.4, we have
v, — v in WyP(R).

This proves Claim 1.

Claim 2. Iy(t?;) — —o0 as t — 00.
Indeed, Using the fact || V0, |5 = A[|01 |} and (2.9), we obtain

tP
Iy(tdy) = —f [V |Pdx —/ Go(x,t0)dx

_hit?
! /|v1|de / Go(x, t9;)dx
{td1>vo}

Al R A on R
=— (t01)7dx + —(t01)? — Go(x, t0y) |dx
P Jdy <vp} (toy>v0) \ P
Al . A R 1 Al
<Cy +/ (—l(tvl)” — ——g () — a(x)g(tdy)’ y>dx
(o150} \ P 1+8 -y

1 and g () behaves like r'/2 for ¢ large enough, we have

Since p < £il
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Claim 3. We can find p € (0, 1) small enough, such that
Io(vo) < inf{Io(v) : [lv — vl = p}

Define a Carathéodory function on £2 x R by

[rg(v0)? +a(x)g(v) 1g' (vo), ¢ <o,
0, 8) =12 +ax)g(t)71g' ), wvw=<¢=<T.
Ag@)? +a(x)g®)"1g'®), ¢>7,

and consider the problem

i—A,,v=§o(x,v) in £, (2.26)

vy =0 on d52.

The corresponding functional is
~ 1 ~
Io(v) = —/ [Vv|Pdx —/ Go(x,v)dx,
PJe Q

where 60 (x,0)= fo go(x, s)ds. Note that vy € Cé (£2) is a solution of (2.26), hence a lower
solution of (2.26). Moreover, since vy < v, from (2.9), we see that v is still an upper solution
of (2.26). By similar technique as the proof of Lemma 2.8, we assume v is the global
minimizer of the functional Io If Uy # vy, we are done; If 1y = vo, since IO =Iyina C 2)-
neighborhood of vy, so vy is a local minimum of /; in the C (£2) topology, hence also a
local minimum of /; in the WOI’P (£2) topology, so Claim 3 holds.

Since Claim 1, Claim 2 and Claim 3 hold, then the Mountain Pass Theorem [3, 16, 36]
now gives a second critical point vy € WO1 "P(£2) for Iy, hence a solution of problem (Py).
This completes the proof. O

3 The Critical or Supercritical Case: g + 1 > 2p*

In this section, we investigate the solvability of ( Py ) in the case of critical or supercritical ex-
ponent. Since % > p*, we point out that the nonlinearity Ag(v)?g’(v) +a(x)g(v) 7 g'(v)
has a critical or supercritical growth, and we can not use the variational techniques directly,
by virtue of the lack of compactness of the Sobolev embedding. So, following the idea in
[10, 30, 42], we construct a suitable truncation of Ag(v)?g’(v) + a(x)g(v)~” g’ (v) in order
to use variational methods.

Let K > 0 be a real number, whose value will be fixed later, and consider the functional
hg : Wy?(£2) — R given by

0, v <0,
hg() =1 gPFg (v), 0<v<K, (3.1
g(K)f~g(v)g'(v), v=K,

where s is a positive constant satisfying p < ﬁ < p*< ﬁ%

following conditions:

The function kg enjoys the

lhx ()] < g(K) g (v)'g (v). (3.2)
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Next, we investigate the following truncated problem associated to s g

—Apu=2xhg()+ax)gv) Vg (v) ins2,
v>0 in 2, (Pk)
v=0 on 052.

Since (H) holds and p < % < p*, by Theorem 1.1, problem (Px) has two positive solu-

tions vy, a local minimum, and v, is of mountain pass type. More precisely, Ik (v;) = ¢y,
where ¢, is the mountain pass level associated to the functional

1 1
Ix(v) = — / [Vu|Pdx — Af Hg(v)dx — —— / a(x)g(v)77dx

pJa 2 -y Ja

which is related to the problem ( Px ), where
v
Hg(v) = / hg(t)dt. (3.3)
0

Obviously, one has I (v;) < m for some m > cp > 0 independent of X since v;, Hg (v;) and
a(x)g(v;)' 77 are positive functions (i = 1, 2). To prove Theorem 1.2, we need the following

estimate.

Lemma 3.1 Let v, and v, are solutions of problem (Px), then ||v;|| < my, i =1, 2, for all
A >0, where my > 0 is a constant does not depend on .

Proof Let v, and v, be the solutions of ( Pk ). For simplicity, denote v = v;, i =1, 2, in this

proof. Noting that %g(t) <tg'(t) < g() for all t+ > 0 (see Lemma 2.1) and s < 8, we can
use (3.1) and (3.3) to deduce

2
/;2<HK(v) — l+shK(v)v>dx

— ; 1+,B_L B )
_[0§v§K}<1+ﬂg(v) 1+Sg(v) g'(v)v |dx

+ (K /

{v=K}

1 w1 l+‘3)
< —3g ——3gW dx
_f{OSUSK}(1+58( ) H_sg( )

1 1 1+8
_ v dx
[05v5K}<1+ﬂ 1+S>g( )

0. (34

(Lg(v)m - Lg(v)sg/(v)v>dx
1+s 1+s

IA

IA

If y # 1, using again 1 g(1) <1g'(t) < g(t) for all 1 > 0 and (3.4), we have

2
m>Ig()=Ig) — mlfg(v)v

‘(Jf)g(t) de
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+ . a(x)g(w)™"g'(v)vdx

1+S Q
. (l_ 2 ) [ovras— = [ awew!rar e [ age e
“\p 1+4s/Je -y Ja I+s Je
1 2 1 1
> (— - )/ [Vu|Pdx — (— - —)/ a(x)g(w)' 7dx. (3.5)
p l1+s/)J)o 11—y 145/ Jo
If y > 1, since ﬁ — 1_41rs < 0, it follows from (3.5) that
1 2
m> (— — —>/ [Vv|Pdx.
p l+s/Ja
Hence,
lvll < Cio (3.6)

for some positive constant Cj9 independent of A.
If 0 < y < 1, by Holder inequality, g(#) < ¢ and Sobolev embedding theorem, we get

/a(x)g(v)l"’dng a(x)v'77dx
2 2

< lall ol 200 7
< Cyllv]'7,
for some constant Cyy > 0. Thus, by (3.5), we have
= (% - %)nvnp ~ Callol' .
Then
vl = Ca (3.7

for some positive constant Cy; independent of A.
If y =1, using Holder inequality and Sobolev embedding theorem, we have

_1_1
/a(x)v(X)dxsIIaIIqIIvllp*IQI1 T
2

bk
T ally ol

1
< Cn|$2|
S C23||U||,

for some positive constant C», and Cs3. then (3.4) yields

2
m = Ix(v) =Ix(v) — ml}((v)v

g/
8

2 v)v
g(U)dx‘f'm/Qa(X) ) dx
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(l — L)Hvll” —f a(x)Ing(v)dx
p l+s 2 8

1 2
> (; - m)nvnl’ - [ s

> (- : [Vl = Casllv]]
—— —)IvlI” = vl
7 15 23

hence, we obtain

%

\

lvll = Ca4 (3.8)
for some positive constant C4 independent of A. It follows from (3.6), (3.7) and (3.8) that

lvll < mo
for some constant m > 0 does not depend on A. The proof is completed. O
Remark 3.2 One should note that ¢, is dependent on K, actually, c), is decreasing with re-
spect to K, so, we may assume m, is also decreasing with respect to K, this fact is important
in the following L°°(£2) estimate (see inequality (3.18) in the proof of Theorem (1.2)).

Indeed, v; and v, also solve problem (Py), it reduces to an L°°(§2) estimate, in other

words, we only need to prove ||u;|| =) < K, (i =1,2) for some K > 0. Next, we are

going to use Moser iteration method [10, 11, 30, 37, 42] to prove Theorem 1.2.

Proof of Theorem 1.2 For the sake of simplicity, we shall use the following notation:

For L > 0, let us define the following functions

oL () = v(x), ifv(x)<L,
EY T L ife) > L,

7L = vz(t_l)(v —K)" and wy=v v,
where t > 1 will be fixed later. Let us use z; as a test function in (Pg), that is
/ |Vu|P2VoVz dx = A/ hg()g' (v)zpdx + / a(x)g(v) Vg (v)z dx. (3.9)
2 o} fo}
Put D :={x € 2 : v(x) > K}. By Holder inequality and (3.2), notice that %g(t) <g'®r =<
g() fort > 0and |g(r)| < K0|t|% forall # € R (see Lemma 2.1), we infer that the right hand

side (RHS for short) of (3.9) is

RHS=)\/ hK(v)zde+f a(x)g(w) 77 g (v)z dx
D D

x)g(v)_yg,(v)vf(ril)(v K)*dx
} " & i
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<rg(K)P™ f g)'g Wy " (v — K)dx + / a()g) " g Wr P — K)dx
D D

<187 [ g@rg @ ar+ [ age) g @l e
D D

SAKﬁ—s/ g(v)s+1vf("1)dx+/ a(¥)g () v Vdx
D

D

< AKﬂ—SKg“/

s+1 — — 1-y —
vTv{(r 1)dx+K01 y/a(x)vva(’ l)dx
D

D

s _ 1-
SAKﬂ_SKSH/ vﬁﬂ‘pwfdx—l—K& y/a(x)va‘pw{dx
D

D
5M<ﬁ-31<5+1/ VT Pwldx + KL VK_K‘”f a(x)whdx
D
B—s prs+1 rep -y
5
<MK ol wille )+ Ko UK IR0 Nall e e )
P R ,
—5 a* __
<[AK"7 K5 v] e + K, K" 71217 al Jlwel? . Dy’ (3.10)
where o := "s#:], % + L4 2 —1 (this choice of  is reasonable since we can fix s
pr=5+p g«

such that % < p* but close to p*). Returning to the left hand side (LHS for short) of (3.9),
and using the definition of v, , we obtain

LHS=/ |Vu|P2VuVz dx
2
:/ IVulP2Vov (v P (v — K)*)dx
D

=/ IVolP2Vo (v} Vo + pr — Doy v — K) Vo )dx
D

=f [VolPo? " Vdx + p(r — 1) WP - )|V Ve VY, dx
D DN{v<L}
/ Vol o] Pdx + p(r = 1) oV W = K)| Vol dx
DNn{v<L}
z/ [Vol?v? Vdx. (3.11)
D

From (3.9)—(3.11), we have

f Vo)l Vdx
D

_ 1- 1
YK 2|21 )il |? (3.12)

L**(D)"
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Since T > 1, by Sobolev embedding theorem, we get

([

A
£3

"< s‘lf [Vw, |Pdx = S_I/ IV (viv)IPdx
D D
= S—lf |(t — Duv] >V, +v] ' Vo|Pdx
D

< 2,,_15-1[/ I(t — Duvl >V, |? +f vf("”|Vv|de]

D D
= 2p—1s—1[ / (r = Do Vol + f vi“‘“lel”dX}

DN{v<L}) D

- 1\* 1 _
(G IR R
D

521’5—111’/ VPV |y |Pdx, (3.13)
D

where S is given by

I L
ueWy P @\O} ([, vl dx) ?*
It follows from above inequality and [|v|| < my,
lolly» <877 ull <moS™7. (3.14)
Thus

P —p) 1—
— 1- Iy _ 1
AKPZRS ol ™ + Ky YK P |R217 all,

N )

<MK (moSTF) w4 KUTTK IR0 lal, = Gk

From (3.12)—(3.14), we have

([

i
3

P —
52PS-erf VPV vy Pdx
D

2" 87 PGk WLl oe - (3.15)

Set 7 := 5—:, since vy, < v, we conclude that w; € L*" (D), whenever v* € LY (D). We have
from (3.15) that

1 1
v 7 i1 _ &
(/ N l)vp*dx> <218 pc{K</' et DUde)
D D
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‘We now apply Fatou’s lemma to the variable L to obtain

111 L
||U||L‘[p*(D)§2‘[S prfrc)\p,K”U”LW*(D) (3.16)

where v™" € L' (D). Since 7 = % > 1and v e L?" (D), the inequality (3.16) holds for this
choice of t. Thus, since T2a* = Tp*, it follows that (3.16) also holds with T replaced by 2.
Hence

1 2 LZ
-2 T
T2 CLMI 20 )

1
- )
”v”erp*(D) =< (2r NI

1oL 2 5 1
<2728 P2 Ol )2t ST T Ol Wl et )
TS W B D T R 16 )
ALK )”U”Lp*([))
By iterating this process, we obtain
i

. i 1 m —
m =i Lyom i moL 5 2i=1T
<X gy ML T i CAP,K l 10l Lo* (p)-

”U”Lf"‘p*(p) =<

Taking limit as m — 0o, we obtain
1
Lo —0] .0 o] —= * O]
[vllzeepy < 2P ST T2 CylgmoS™ 7 < C*Cyly,

) . _1
where o) = % Yt oy =) and C* =218 t%2mS v
Next, we will find some suitable value of A and K, such that
C*C'y <K,
that is,

pret—p o1

—s o — I—y _ 1 K 1
AKP K(§+1||v||,,* +Ké K2 TP Q)7 |all, < (E) . (3.17)
One may note that C* is dependent on m, which is decreasing with respect to K, (see
Remark 3.2) and 552 — p < 0. Thus we can choose K > 0 large to satisfy the inequality
2
K\ &
i —y 1
(5) — Ky K2 P |R2)7 all, > 0, (3.18)

and then fix Ax such that

1

1 K\NT i

A<Agi= — [(-) "okl VK‘T’-P|.Q|%||a||q}. (3.19)
KB K3 (moS™7) @ ¢

Let * = min {A,, Ag}. Thus, we obtain (3.17) for A € (0, A*) and some fixed K > 0 satisfy-
ing (3.18), i.e.

lvllLepy < K, VAe (0, A*)

lze@2\py < K. To summarize, we have
O
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